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Internalising Non-derivability



Theorem (G 2014):
A formula A is derivable iff σA ∆
yields a classically derivable C ∈ ∆,

for all σ and ∆.

Suppose ⊢IPC A and σA ∆. It follows that ⊢ σA, so there is a
C ∈ ∆ with ⊢IPC C. Hence ⊢CPC C, as desired.
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Corollary:
There is no proper extension of IPC
that inherits all its admissible rules.

Suppose L ⊋ IPC. This gives a A ∈ L− IPC. Hence there is a σ
and a ∆ with ̸⊢CPC C for all C ∈ ∆ such that

σA IPC ∆.

But ⊢L A, so ⊢L σA holds as well. This yields some C ∈ ∆ with
such that ⊢L C.
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Corollary:
There is no proper extension of IPC
that inherits all its admissible rules.

Suppose L ⊋ IPC. This gives a A ∈ L− IPC. Hence there is a σ
and a ∆ with ̸⊢CPC C for all C ∈ ∆ such that

σA L ∆.

But ⊢L A, so ⊢L σA holds as well. This yields some C ∈ ∆ with
such that ⊢CPC C, a contradiction.



Corollary (Iemhoff, 2001a):
IPC is the maximal intermediate

logic with the rules below, for all n.

(
∨n

i=1Ci → A) →
∨n

j=1Cj

{(
∨n

i=1Ci → A) →
∨
Cj}nj=1
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The universal model is complete.

U (X ) ⊩ A iff ⊢ A for all A ∈ L(X).
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Visser Rules

(
∨n

i=1Ci → A) →
∨n

j=1C

{(
∨n

i=1Ci → A) → Cj}nj=1
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A logic with the
finite model property admits

the Visser rules

up to n

iff it has
the extension property.
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Characterisation of BBn



BBn = IPC+
n∧

i=0

xi →
∨
j ̸= i

xj

 →
∨
j ̸= i

xj

 →
n∨

i=0

xi



BBn ̸⊢ A iff there is a
finite, proper and at most

n-fold branching tree T with T ̸⊩ A.



T



w1 wn

T



w1 wn

T

mT



Theorem (G 2014):
If T is a finite, proper, and at most

n-fold branching tree, then
ndmT {ndw | w ∈ T maximal}.
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